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QUANTUM MECHANICS NOTES

The Basics of Quantum Mechanics

Schrddinger
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The Born Interpretation

v at a point x, has a probability for a particle being between x and x+dx proportional to |y|’dx.
Therefore,

N? Il// *wdr=1
Qy = oy
Q = eigenvalue and y = eigenfunction.
When not an eigenfunction, must be a superposition or more than one wave function.

Particle in a Box
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Tunnelling — possibility of finding particle outside box classically forbidden.

Vibrational Motion
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Rotational Motion
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Spin Orbit Coupling

Electron has spin angular momentum, and this generates a magnetic field.
Spin + orbit interactions —j =1+ %

Multiplicity = 2S + 1

Postulates of Quantum Mechanics

la: the state of a system of N particles is fully described by a function y(ry, ra, ... ry; t) — the
wavefunction.

NOTES:
Spin omitted (for now).

1b: Born’s Probabilistic Interpretation.
The probability that a system in a state y will be found in the volume element dt = drq dr; .. dryis
\|J*(|"1 oINS t) \|J(r1 v INS t) dr.

NOTES:
Statistical, even for 1 particle.
P(x,t) = | w(xt) | 2is the probability density.
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Can deduce from here:

Normalisation —
[lw(n O dr =1

all
space

Conserves probability.

Physically acceptable :
e Single valued.
e Continuous.
o Finite.

Dirac’s Bra-c-ket Notation —
A al
JO*A o dr = <plAle>
j\,p* NE >T = Ll
(il fw hand Sida s Cué)uaedm u$

2a: in quantum mechanics, observables are represented mathematically by operators:
corresponding to every classical observable A there is a corresponding operator A which is linear
and hermitian.

NOTES: e.g. x, px, E, etc.

3: Measurement. When a system is in a state described by :

i) single measurement of an observable A always yields a single result — an eigenvalue
a, of A.
ii) Mean value of A equals the expectation value <A>

Define Expectation Value:
*Awd
<A>:~.WEIW*AV,d¢ [ if v is normalised ]
[y *ydr

Bra-c-ket:

<A> = <y|Aly> if <yly>=1.
NOTES:
From (i) — Probability Distribution:

Common Sense, as mean A = sum over all n of ¥ "“w"l“ {/\
P.an. —M—A#mum&

From (i) — must expand v in terms of eigenfunctions of A.
Y= ch f,
n
Af =a f,

<A>=[y*Apdr=3c,*c,[f, *Af, dr=3c, [

i.e.Py=]|cn|?

> Moz eresh

Probability P, that particular value a, is measures is |cn|2, where c, is the coefficient of
eigenfunction f, of A (in the expansion).

Dispersion in distribution of measurements is characterised by:
Root mean square deviation (RMS) AA =
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(AAY? = < (A - <A>)> = < (A% - 2A <A> + <A>?) >
(AA)? = <A - <A>?
Special Case —
v is an eigenfunction of A, so Ay = ay. < A > is:
<A>-= jw*Awdrz ag.[l//*l//d‘[ =a,
P, =1 or 0 (n=¢ or n#¢), then dispersion free — single measure value, a.. < A>=a,<A’>=2a2
AA =0.
Thus, if y is an eigenfunction of A then observable A will always yield the same result.

2b: Choice of Operators.

OBSERVABLE OPERATOR
Position, x X
, N . 0
Linear momentum, px p, =—-th—
OX
~ .0
Total EnGFQY, E E= |ha

All linear and hermitian.

Linearity —
dor s [traare 5
A (RK{J\ "‘b‘fl) = _aAq;\ ‘\-\;Axpl
Bromplas’ .
> 15 Bnsor as aclai*bga) = xap v xbya
4 s meblegor as Ga\g\*hq,)/‘ﬁ‘ (q»g‘\‘)z + oy
LT MoT L ~EBR
2 x~
i %‘,g - <
Hermiticity — ) ;
A is Hermitian if: <m|A|n>=<n|A|m>*
EXAMPLES:
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The eigenvalues of Hermitian Operatofs are real:
Ala > = adln> Zalav = |

NOT o ren e

“hea, -
LVA R ? = Kalala? = aq<ala¥ = aq
Box, ~ . .

CalAla 2= AL YT =ad (B warediy)

an

Orthonormality —

<k§n]kp2> =o Aor%\«a‘am\el.
<oly P =1 —nermdiad,
go\’\m Qu\))o\\e = er\—\-\nmrmoﬁ-
The eigenfunctions for different eigenvalues of Hermitian Operators are orthogonal, i.e. if Alf,>
=a,|f,>and A|f,>=an|fn>, where a,, # a,, then <f,, | f,>=0.
AmY = aclem> & Alay=ada?
G Fon (320) 2 A Maraikace

Calilee?= Cnlamim> = amiaim> O
oy Ala? = <nla dn> = aq mln? ')
<eald Ray* =,<:\:‘<v<\\t\7wr = an <alm > @
o-@

CalAL MY = <CmIA T = (an—ag ) Solm

]
O b A Saoonosk
Mmooy by geiests =

NoG: (f am=aa, can chose <nlm>=Q
;{* = e A U ‘Qormhied <ﬁ)m>:s

ORTHS NN L

Time Dependence and Stationary States
Classical Observable - Quantum Operator.
e.g. Kinetic Energy,
T=%m@Ei+p2+pA) D> T=m@,’ +p,’ +p,")
2 2 2 2 2
T:i 672_;,_6724_672 :ivz
m ox° oy° oz m
Potential Energy,
V=V(xyz),soV =V(X,V,2)

Total Energy =T + V, = H(x,py) [ Hamilton’s Function ]
Also note that the total energy operator from Py, is E = ihg-
ot

Hy(r, t) = ih%w(n,t) - Time Dependent Schrodinger Equation, TDSE.

H is independent of time (in conservative systems), so always separable solutions to the TDSE of
the form:
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A system in a state described by this is said to be in a statiohary state.
Its energy is a precise quantity (P3;) and no measurable property of the system changes with time,

i.e. <A>(t) = <A>(0) where <A>(t) is the expectation value of operator A at time t.
Proof:

I

SWrEm O AQG™ O dr
Semtasln g (N R (e FEEED, ()
=J z#na‘(r"M $als)d

= <R>0)

2 AXE)

N

NOTES:
This resolves the “radiation paradox” of old Quantum Mechanics. Stationary State =» still not
solved the TDSE. Need ¢, from TISE.

A common relation that is useful is:
TTeSEr Frove %(A > = _;. (oW A >

Ose* (R (j)-kt,‘.x(xjk—\ = H;;) (s \':3 )

<A = Cpinig™> =S_\@w<x*)*‘/&u€ () doc
- <
;\é\j <\9\A~\\.9\ = <ﬂ§\k\\)> < \d \G7+ (\)\Alé\—ﬁ>

From ) AT Hig> A<yl <Pyl
ax = ok e

~1 \
= m(\/\\;\k\u\a> +;T(4&\31A\ Hk&)>
— =\ R
-fk- Qx\)\\—{‘/\-‘y> 4-&—-,‘\&_ 4*‘!4’\4\*\7

= o <Al >
To use this, it is necessary to understand what a commutator is.

Commutators, Complementary Observables,
and the Heisenberg Uncertainty Principle

ABf # BAf in general, where A and B are operators.

Define:
Commutator [A,B] of A & B:
[A,B] = AB-BA
Compared the effects on a ghost function, e.g.
[X, pu] f= (Xpx — pxX) f = -k (x(d/dx) — (d/dx)x) f= -ik (x(df/dx) — (d/dx)(xf)) = ikf

Therefore [x,p,] = ih.
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If [A,B] = 0, they are said to commute. For example, [y,px] = 0 (independent x,y).

NOTES:
e [BA]=-[AB]
e [AaB]=a[AB]
e [AB+C]=[AB] +[AC]
e [ABC]=[ABIC + B[A,C]

Uses:

From P3, Ay = ay and By = by. This implies precise measurement of A and B, therefore [A,B] =
0 => precise value for each observable can be known simultaneously.

If [A,B] = 0, then there is an eigenfunction of A which is simultaneously an eigenfunction of B.

If [AB] # 0, it is NOT generally possible to measure the observables precisely and
simultaneously.

These observables are said to be complementary or conjugate.
ExacapuLas

L) = 2 lpasd=2, (pocLpsox 3 pat g x])
= ‘\;_M C—'Lhi )

= ~lpuk

Mo 5
Y_\J/ P,_I: Y..\I('L}) P)LFS = - ‘:V(x)«%x— I VCX}]F

“ (Ve - "““‘Q

= =R C\l(x)ag —[\l(x\ .F F =2
= ik ‘;\1

a \l(an_\

Heisenberg’s Uncertainty Pr|nC|pIe:
AAAB = V5 | <[A,B] > |
Where,
(AA)? = <A%> - <A>?
e.g. [X,pd =ik, > <[x,pd >=ih,s0|<[xp] >|=h
Hence, AxApy 2 h/2
Applications of Quantum Mechanics

1 D free particle (no Potential)
H= P

Zm TZon 5_1
TSEL Hp=&p =

W O é’@«\&sw—o = JzmE
=

2° differential eqnt 2 sduens,

Yo

(D) $=em L 460
QMQS\"Q\Lﬂ\ é\x d1g> = T‘P &1(13 (e = k\".)
momecrom  Ric (—= 1)
NETES3
[\—\J@,‘l z_m Lo, p,‘] =0 ”a\(aew@und—m«s o H & o
s\mu\wé\:) (E}:.,. & ‘-b )
Note that general solution to (1) is a linear combination:
HGA AR ) AR (4G
& oed=plAado— 8y ]
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General interpretation using P; is that there is always dispersion-free energy for the above, but
the relat|ve probability of finding the particle moving in a given direction with momentum thk is
AP

General Solution to the Schrédinger Equation from the above (2) & (3):
é(l.-) A\ \Px/‘k B( —\PX/‘L‘\
= cos (P )+ sin (E">
/‘\- = A&7

= (AR

Compare to classical standing waves,
cos (2nx/A) + sin (2nx/)\)

Therefore 2n/L = p/h , > A =h/p [ De Broglie Relation ]

Quantisation — Particle in a Box
=1, H= (’5 () ewTin

O Oexen N TS
\J(l) & L e O, %2 ‘(

o [
Outside the Box: ¢(x) = 0 — no particle here.
Inside the Box: V(x) = 0 so TISE same as free particle above. Solution as above is:
d(x) = A cos (px/h) + B sin (px/k)
y(x) is continuous, therefore Boundary Condition: ¢(0) = 0 = ¢(L).

Hence,

»0)=0>A=0.

®(L) =0 = B sin (") = 0.
Thus,

P/ = nm, where n = 1,2,3...
Also, p = V(2mE):

n’k?

E,.= ——,n=123...

8mL?

Quantisation arose from the Boundary Condition. Quantum number n is established.
H ¢n(x) = En ¢n(x).
dn(x) =B sin (nnx/L) for0<x <L
dn(x)=0forx<L,orx=L

B, such that ¢n(x) is normalised, is found by:

L

14,00 dx=1

Pictorially,

Ay ‘\. — Zere Pei;;\' =
T (MO P = cek &)

b6 T N &
Probability Density | ¢a(X) | > > tends to classical limit (Correspondence Principle)

Energy Level Separation:
(2n +1)h?

AE = Epm—En= "o
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So,AE>0asL > =

Extra Dimensions

h2
d=2,E,=

n22
8m Lx
Degeneracy is a consequence of symmetry

]
Ly2
Lx = Ly =» square box. n; = n, is single degenerate, while n; # n, is doubly degenerate
Harmonic Oscillator

N (=)

<

NG = e
B-=—-N'(=0= — Y=
R Y o, %2
A‘W'B *‘Furgn. en asrant :—\‘)) ( O)
e G o VEI=N(R) = 3 ¥A) *L,\:/c«\f'/(@
o ,
Classically, E = T + V = p/2u + % kx
Quantum Mechanics

—h? 0% 1
E= —

~+—kx®
2u ox° 2
\_\q() tlp (‘\:1 v)" RS \,‘zz_)qe () =¢ k.‘.'(.x) Cs. C3
C.rgn:‘a‘-l So\“l—l v
=~ —> T = N(x) — R

=

eI\ —©
S () — O
(M?‘.L ‘Func!n’bc\‘&f&na. Maﬁstﬁ’.?g; c\o-.uss -—
<@ G = e e /L
e ,_?\'(,L\ - ‘afa:_e,_“x‘/z
L.PH ) =
Kb 3

% &=

(o2t —o<) e b
Satisfied for all x if both

= Tetscyp ('x_)
S e)p6) = [ et iy ) =

"‘Fskock
z; =ik
o = {pk

2f_) =
2 & {\:Fﬁf;l’\:w
Haonce ,
Normalise

© () z Nbe—ux"‘/l
E, = AL*.:“_;

eund b
C C\ %:ii‘a)
J 4 4@

o
Le. N,:‘J- er e
For remaining solutions try

R - ’/
’T_‘@ Na (::}_) 4
w,(x) = P, (x)e™"2
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P.(x) = polynomial in x.

Gives second order differential equations for P(x) when subbed into the Schrodinger Equation.
The solutions are called Hermite Polynomials.

Pa(x) = Ha () @ x)
Eigenvalues E,, = (n+2)ho ,n=0,1,2...

Ho ({ ax)=1 [eveninx]
H1(\focx)=2\focx [odd in x]
Ha (0 x) = 4ox’— 2 [eveninx]
.. efc.
Hence,
L) ,
Woca, 4 V6
ﬂjt (=)
R ‘?’b")
E- = - 20¢ 2L =Y,
. [«
< tlassic —}gm\,\q} PMI\L‘
(‘\)(X—)[ #Q \AQ)\-—% s ’gﬁi\.\\‘i\f.;
@alx) = N W5 ) e 7
Ena = YR o=,
Particle on a Ring NN
To get H: =
Transform to polar cords.
Fix r, look at angular component of H. &
Transforming to polar coordinates: & >
8= 0,306 7 2 R
DL) o 5)&)3 jl‘ dx) T@
; )= 63 LarL;; )x «MD
whese, = S ey w‘.‘#, ‘)L) Tes j/ ;Ti)":s\“ig
) '-\ ”“‘V%\'\$ ? ~7: ~ oﬁ)a&:f'ir—‘
! - :
jifaj R '\:’\ v Vo
’L:)Cbx D“ZS (;)rl* ST g

2
10
Fixing r means that — & = — can be dropped. y = y(¢): dy/dr = 0 = d®y/dr*.

or? ror
Thus,

S Sl Tl Gl

l Zor™ 29 L T 24 L=pr™
6= 5 .

? L,-L = —nk~ <>§>~F°~\‘°<‘
1T ¢ -

FE N NTA ~ A f‘;vwml
(T80 -0h - L 0-0 0

Therefore eigenfunctions of H can be chosen to be elgenfunctlons of L.
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\L.? “\)»\ Qk’) = '\'k [>) \\;M((\g - m‘k“\)w\ (#)
qubed— 40
Gom (b +2w) =k\JM(¢)
Then,
S5 80 = ity

P (4) = Ny ¥
Yon (pr2T) = e \4“(«{0

eV =\ = = ”\*&c&u‘ VO, 1Y, T2
& sl _ ) )
‘S;) 4% {% (4)1\7_ = MmLQT=\ = NN\ h‘%;\ AW

1
Therefore normalised eigenfunctions of H = E LZ2 which satisfy the boundary condition are:
@m@w - et

z ‘\)m (#') = m)g‘f:\)m (¢)
B oW (d) = T G (8) = B @)

212

NB: E,, = is doubly degenerate for | m | > 0.

Particle on a Sphere
Transform to polar cords. ~ d
Consider angular parts.
Separate 6/¢ dependence.
\”—\=%"TI°‘ x—-rsu\@@s?j:
D — s‘h\ S <in {3 -
2. = ccas ©

Q)_ BES <')
‘Sag) )3,1<‘)r)e¢+ C)’L):})‘L )&* ':))_i)j)z%l‘& ek
ves CErgr oL 19 00 1 R
e 25 Ut = 2 ’Férér {,_F shel nO% +cl ] D'WJ

Seb = ‘\"(6)‘5) = %_) =0
i
S =0

21
) \ ; -
L ﬁ—tz[‘v—ésés\negﬂ—-‘-“ ;‘%_ & I :/_ﬂ.\ .

e= L\/zI d«s&\cnﬂ.\a
L=y L= Lkzt\_ 4,2 (e, ot L )
SR Lt Riadis 3 @5%ﬁmﬁms/m‘ues £
Separating variables,
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2 X . { B .
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U U e (G-k2)

Sruikeagews ef 8&\%‘(\3 .

(‘) L’L CPQ@) #3: '}\‘th)(:@) 4)) 2 C'/\: Jh;wsfnf[ags
@ Loped) = mhy (e &), ) w«s@#)

@D % =R e D 5@ = n (o)

- ipe ) =@ (e1e ™
L @[S o0 —g)hal’\'o-\ ag- 6 ‘ho\" r\d- dﬁ

=] \.\Ms %?Qm\okl ’S:Ovm, 5‘\:\2_9\ Y_Ll/ L‘(l =o.
9.0 =@ @™ e () qlues
e d) =——t(fre s 2 +sh—iﬁ-§§g @@5‘“*

= Gle sne® -0 ) @ ()™
L o M@ (o)e
5 — (AbSgshe s~ ) @) =X @)

Ordinary Differential Equation for (H)(6), the Legendre Equation.

Solutions are associated Legendre functions,
® ) = le (CPXN G)
e,?smqq\uras (N) =~e
: N = AU, -gx' L=l imlt), v 2 -
ie.m=-l,-(I-1),..0, ... (I-1), L.

This gives the spherical harmonics:

P Ceﬂi)) = \)/(m@he) = N.\);\ Rm(ws &) ew
T

T
e \\ﬂ." cn.,l No ren LQ i e
_,\\i\-mq ok <o ost. -Fuv\d-'m(\

2% T
Ld@\&c\e SNIRANCS OV i) =
Which satisfy:
L Joan(e b)Y = FLCHOY(w Col d)
L:__ YL)m Lel L’p) = tm‘* 7&,M CG) ¢)
L=0,),2. .. ANC . MOM . ® . No-
= —,-C), oYL K?.L-l- Il Nealoes
NG, Lo, PROTECTION - B . ND |
Molecular Rotation ’

Equivalent to free motion of particle with reduced mass on surface of a PR
sphere (radius re). Zo T
[ e
1 ‘ ‘e ,
Therefore H = EJ 2 [ J not L — convention for molecular systems ] N -

www.alchemyst.f20.org




-13 -

P =Ep
L d L/\> K=TG+0
:25_:: JARCTY) =T
i.e. E; =Bhc J(J+1) [ rotational energy levels ]
B = h/(8x°Ic) [units m™ orcm™ ]
J=0,12...
M=-J,-(J-1) ... J. [ projection of momentum along z ]

This is (2J+1) degenerate.

Atomic Orbitals
First, it is useful to refine our units onto the atomic scale:
B N R
= = A

R U -y ot

Mge™ L'»‘“'zc Qs

Conuerst Lgma-\-hg: 2D ek, 3:—2%3[ efx-.

—t= v:l e =

= = 27 P=YES = LTEL T
B S
A??l‘c') “(2) : ™= o I

—3x V"\ e
(e

F\PP(‘@ ) ‘{';0 o T Ton Tog Uimesw) T \/
- —Y'*g €0
APVlD [€D) anﬁo:\l\ R 2 S - ,?“r
= -g—- :,~l1 \7'L‘ ‘/(_( & He\x—\—r@‘\\ .
W r‘:’) . N 1'3;[/\" J?Lod(((
In atomic units,
A - P l_‘
SR et
11=[8,L, =0 -3 v (W f
Lurd=d,L, g = 2 lxmr—= 1=
) GLP'\W (VJ e/&’) = En%’t\knf\ Lr) G, ‘b) a=l 2’ 3

) ‘:an\m L) = L) Oam G Sd) Lw},)z_“o\-()
@) U pum 508 =fpamin S, &) =, (L), -
From (2) and (3), any atomic orbital can be written as separable:
Pam ed) = Rar () ykm (e.$)

Sq\o $ARs NaE T C\\ S~ L’\ |
ﬁapmémeaéﬂ = Kf ( Foet T F_] @nu('-) 7km (e, ‘3’)

o\—A\mwh A\%gvex\\'\a\ c‘ﬁ/\
3 - RO T e d)

G Q“u)\/ Cr)% &) k_@

This is the “associated Laguerre Equation”. E, = -1/(2n ) Hartree,n=1,2,3 ...

Electron Spin

Stern & Gerlach (1922) passed beam of Ag atoms through an inhomogeneous

E PN C l magnetlc field (i.e. a field gradlent was present = force). Beam split in two.
<1 Ag (5s"). If S = 1, then m, = + % ... 2 components with different energies in a

magnetic field.
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1925 — splittings in atomic spectra. e had intrinsic angular momentum of 2 h.
1930 — Dirac. Obtained wave equation for e by combining Quantum Mechanics and Special
Relativity. Equation predicted s = V2, confirming the above.

- Dpie~—

P T A

oWo "y
:{‘_ »v: (pirac 2me néb )
Snasne. Ce.n\.rpna n

If B is in the z-direction, s.B = s,B,, =

4—. S /e =Y L (m =41,
2 s ‘2

ereant

s‘/.k = -, . ( =~ >— z de ves
2 E(ms ’z\

N

Spin Wavefunctions

Single electron:
Vo =l me=Tly > =V ec> T
is =Y ma="'y > = 1> |
Satisfy usual angular momentum eigenvalue equations:
ex1s,mne> =R*s(e+0) ls,ng > s= ley
S2\V3,ms> =+ mel =, Mg P n,5=+l/1

Also,

Zocl D> =1 = L AIRADS Nermallxd aver
g comraAindies
4“(‘5>:Q=<r5\°(> o\—l‘-—\no%oml_
&‘t Ll'%u&undr\‘cn &R Herenirion
e{ebg_r\\lcx\a_)gg
Two electrons:
Only linear combinations of following possibilities —

™0 ™2 MS
T“ Vi o> o Loy I
Ty = B> Y, e o
LT 1 Bl xl? _'/l l/l O

VY LR B e Sy -
Possible values of Mg = m4 + m, are:
Ms =1,0,-1 (S=1) and Mg = 0 (S=0).
Ms =S, S-1, .. -S = (2S+1) = 3 (triplet).
Ms =S, S-1,.. =S = (2S+1) = 1 (singlet).

But what are corresponding 2 electron spin wavefunctions, | s, mg > ?

|S=1,MS=+1 >=|(X.1OLg>
(as this is the only way to get Mg = +1).
Similarly,

|S=1,Ms=-1>=|B4p2>
(Ms=-1).
Both of these S=1 wavefunctions are symmetric wrt interchange of the 2 electrons (e1«<e;).
Hence, the remaining S=1, Ms=0 component of the triplet states must be symmetric too [ M;
quantum number depends on where we choose to put the z-axis, which clearly cannot affect the
exchange symmetry of a triplet state ].

Hence, only possibility for:
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1
| S =1, Mg =0 > = symmetric combination of Eq a, B, >+| f,a, >), where the term outside

the brackets is a Normalisation Constant.
Similarly,

1

N

Pauli Exclusion Principle

|S=0,M;=0>= (| e f, > —| P, >), which has antisymmetric exchange symmetry.

Suppose quantum system contains two indistinguishable particles 1 and 2 such that:

v =y(1,2)
i.e. y is a function of all space and spin coordinates.

L= Ce(,2) =7~\=Ll,l) = e““\a (1,2)
. otfplicany
oty Yo ‘-\'(.‘)7_\ motkp &
phrhase 'F;dhr
es \‘f“f’-)\.t= \\{»(Z,\)Il (< is real)
ifdisﬁﬁaucs\\a_b(e . hick sa¥afes

tel*l ™= |
Repeat operation:
. _ .
?.: V;\.ﬂﬂ—?(l,z\ = e HNgU)
= ey g ool L' =+l av Ty,

or %\ﬁﬁﬁmn’uﬁcﬁQ Le'® -—‘\ )

(-.;"\- “ro QKC_MQ) N

= .L_>o3ar\3 .
G, / o =Rin
2,1 = x (\ . bbc;: Bose ~ Einshes
¥ 2 ¥ 11} Sralteites . < ~
@ = —F-._-—:-r\'\chs N
. MF-o&\-lr\’«a@p‘Q\‘\
. o\b% Fereal ~ Dt s,
Shraristcsy |

So, ethar sl nemaieic t e = |

Corollary 1: Exclusion Principle in Orbital Space.
No 2 electrons can have the same set of 4 quantum number (n,I,m;,ms) within the orbital
approximation.
Combination with the Aufbau Principle gives the Periodic Table.
Reason:
W(2,1) =y, mi, ms(2) Wnimims(1) = Wa, mi, ms(1) Wnimims(2) = +y(1,2)
But electrons are fermions so y(1,2) = -y(2,1).

Corollary 2: Exclusion Principle in Real Space.
2 electrons in a triplet state (S=1) cannot be at the same point in space.

y(1,2) = Wspace X Wspin
1
v(1,2) = y(rirz) x E(I a.p, >+| pa, >)
Y \ J
antisymmetric V
wrt e1—ep Symmetric wrt e1<>e;

Thus, yspace Must be antisymmetric wrt e;—ex.
W(ra,re) = - y(re,ra)
Settingro=ry=r
y(rr) =-wy(rr)
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Therefore y(r,r) = 0 and | y(r,r) | = 0, so get a “Fermi Hole”.

Basis of Hund’s 1*' Rule: triplet states are lower in energy than singlet states, all other things —
including the electron configurations — being equal.

The Variational Method

How to find good approximate solutions to problems that can’t be solved exactly.

c = Ll Ry > E
<ypig> ©

Where v = trial wavefunction and E, = exact ground state energy.

w = %Q; wi (expansion thaarem)
Waare, Y e arthonoremal 1
Hpe = Blwe A Sl >= < (s g i

cd Q“\L\"G\w-
C L\l > %CL‘<‘~\-‘L\H‘l\\'3>Q3
T R T B o> i = B pcwilwgralyg
2
- LK . o Ve
= ?)3 1=} S:.&Q\. cy = ?‘ES QJ‘QJNE-\EJ\CJI

> B 2 lg\* Ca= By > €J)
ES -t:\vn‘\\ar\\\.’ .

Lely? = 2 Cx*(updq::))c_\:\ = ? ‘u‘.d\'L
W K
So,

= bk

e SlHIg> N &, % ch |2
<wtwd T Tl
Suppose we have a trial wavefunction v, that depends on a parameter a. Find the best o (most
accurate wavefunction) by minimising:

g3

Elp
\/ fe- ﬁé&t
= T’g/}"«%@ - et
> ot
Example — Quartic Oscillator
—_— =~ 2
= i Wo\ < e ¢
'%L) Do 2 2 P
Similar to Harmonic Oscillator, so try that wavefunction as trial:
Gl )= = —x/ Lo Ngs,\ﬁo.\\"SdD,

S L) = Catx i ) Galx)
= Hy lz) = Ii,i—fk({%& —o()t%\xx“]kp,zba
<. <LPo<lH_\xy£> ’tiffjf '_t\‘;-)}_L - = LzT
L t&})neik;.,a:> TIQ A
Where,

—xxX

I gdx e
_ (=)
i- 3(52%)? J“

Hence,
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L\ M hpc>_ ST N,
E(_ok\) s = '&:54 “\?\ l \QI‘?
Ty« lg> Z/J Z/u; v =
. R e o S 32 -
- oy 40(1

Z,A-) Z/.L PR
:’klo( —\?3,—2&-(0(7

= 7, s
el L
7 Ehese - %f besi- %{ Ln;li
Lw
= AREe L )
R o ——
/\J

Example 2 — Secular Equations
Givens B =die T o,y
B, & doy ek A\, oy &, rewl R
cHTIHIED> =, <&\ 4 0=,
g Hld> = a4 (<Q)
&{g | H Ik\,>~ e bt M\ b7 e, b, >

g\l >J<;.L1<q>\m\€i>1
‘t.:.LQT_(d’ ¢\>"'&.‘1 (‘i?\\'{]il

N o
=t 2 cy By o<y

<k\»\\€3 = QAR (b offhoraradd
4 "LL \a o o ﬂq‘j»
b d0 4,0

o oe i
o =b = 5
! D
oC ﬁ\&l+lclfsf ZC‘
= - - < -
o= Stz Cve” —©

Snen 2o, (x-B)* 2 @ =O
0 2efvec o
< et PSS
=0 edran 2¢, A2, (x-E)=O
et adiered- Frinctpla s

Z_o< \,,:E\ SN ﬁ@,_gl =qQ A Secdlas
P+ Cwi—eler=a Eﬁ,f‘s

- e bl

homocenecns= Seb Yo zecn ’?01"
(\O‘l~\—<‘\q\r.l_<,,__&_c_1,
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.aq;‘:" P ' = («‘»—E)(c(,_—e)’ A

x, " &

=
- == (’ﬂ* “L) g 4‘9(\_—/5 =0
=)

=)

Ex ‘}LC"“T"L\I‘JQ (,,{1«1,_‘)2-‘&(*\0‘7&—@1)‘

T: ‘% (n(\" ;13'5 \['(«\—,,(\jl‘* q’ﬁz_
e o = oy, = &

= &y = < x|A]
E=T,

T2 T <,

Neo rMcJ(gQ) Ckklk\’ N = ktl_*(»lz - l
T TR T T
~— . | ~
7 W T E(d“— 41)
S(mng(\\l = = <y = < ’

P e g (i)
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